
& 313.4 Theory of Curves ꋷ

· We set out to describe the acceleration
vector =t(t). We have:

a =(x) =(aul) + +xv(at)
d' &S 1
It dt

[Recall:11F(t)() =1 - 1 =F(t). F(t) =F(t)/

=)0 =

Y: +4.41 =24:4-]
Theorem: If it to, then d 1 I so

=11 11.
where S

-

I --w =F(t)=
is the Principle Normal Vector



- ②· In IR:(F(t) = (X(t),y(t))
the Principal Normal

y
a
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points orthogonal ->

to in the direction
F(t)

& is wing.
! ~I
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·In IRP, the plane spanned by F and i A

is the osculating plane, the plane in which

the curve most closely lies & F(t)
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· Putting it all together: ③

a =a(l)) =lull+ lull
ne

& Ellellir
So dt dt

+Ellen
↑
a measure of the

the speed "curvature"atscalar
&S =V

acceleration dt r =F(t) & a

said differently: x =111) is

at+an called the Sunvative

e

or
=ar=vlll scalar.

How
accelera
↓

Eg:.F =(a +F +aww).
S

=a+a=
a
=t

I



④
Summary:a =aF +aw
-

X t

component of component of
a indirectiona in direction

where a
t=E,a =v(at)) v =a

↑

I

So we have proven:

Theorem:a.t= t, a.r=
vll Ill

-

--

· It remains to understand Ill

theorem :Hal =kv (r =0)
-
-

where
a =I

=Ercurvative
r ="radius of the circle

that best fits

the curve at point ECt)"

Defn: 1 = k(t) =are of t at Fit
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⑧
de:Geometrical Interpretation
of the acceleration rector:

a =a
=F +an

V = I
= I+v

a
t
=Iis the scalar acceleration

r =radius of curvature

qp =vk=
v =velocity

F =yll w = l (EE)
(assume (0)

this is the theory-we now do some

examples -



⑦
pled:Show that x=11a511

So:If we are given ICH,
then

AE =IllreFirea
But=F(t(s)) =a s

we

Yv

=YYY=kN

therefore 1951) =11k ll =1



Empe ⑧
--

Let F(t:ti+ It' s

-

I d
I

End:,,s at , 9NcK
-

ꋷ(a) T =
=i ++i =(ct)
-

(b) a =4 =0i +j =2 =(0,))
y

(9) = v =Iull=tr

(d) F = *=vie.
-
-

(e) a =aor =10,1).(i)it

() at =a.F
=a=



⑨
-

- ((+tt() =ll t = ")
- 12

= -(t*yti+Etsy(1+t)xt.Z
14 +2 I

-

I-ity+-cyst,
Hell itfill -not14 t2

-

thus: =WY=itr(t,1)

ill E

Check:1INI= 11(5Ill
=1

(h) 9w =5.r
=(()=tr

nee

rector

scalarVentityin(i) KV=AN SO K =



Exampleshow that when ɩ
-
-

Aw =0, VF0, motion
is along a

~

straight line -

Soln: =a + vka
ww

On

Thus if aw=0 eitheror

But is =a =O - T
=const

dT
I.e. s =&(X(s):

+y(s) +t(s)h) =0

x =const y
=10nst z =coast -> F =

const

0

·
F(s) =F.s+it getO

-

const



Example ꋺ Find a formula ꋷ
-
--

for kin terms of 5
and a

Soln: T =a
+Y +Ann

Recall cross product:
Ex=IIEIBI sind

B

11x al) =1 x (a,F +a)!)h
A Area=

=a+Yx+ anxwl 11AlllIBIISinA
0

↳

=all xll=kv"ll x
e

=Kv1xul
so tal



ꋸ
Emple Find the equation for

the osculating plane at (2)

for the helix
-

F(t) =3cost1 + 3sint] +th

San:FCt== tscost*11 (t)//
(Idea)

llV(t)l+9st+Y:To
-

F(t) =(cost,
= (tsint,i
i =int,of



ꋹ
Osculating Plane is the [()
plus the span of i 8w

Equation of plane

thrn Po fre
pp.n =0 &
i =Y xr, P. =F(z), P =(x,y,z)

4 x = I
I I k

I-3sint 3cost 1

-
cost-sint o

=I (rsint) - )-cost) +(+3 sint+31st) I

--sintI+ cost Ite



Emple:Show that you ꋺ

uniform motion on a circle of

radius r, the
curvature K= I

S: [(t) =(5,40) + rosint)

(t) =r)t,cost). V =r
-

a(t)=r (-cost,-sint)
-

ꋾ

9
=a. =r

In general: Ar=kV
=K5"

thus r =kr2 = k =I



Q:Why is 12))=k= 1 in
general?

-

F+dI

Soh:Restrict a
I

to osculating
·

de
h

plane - -> I-

⑲ ds =rdy
r

·rit
then a small

motion away from [(t) gives

ds =rd4
F =cs4I+ sint]

1-yaall=1rH
k E



⑧ General theory of Curves: ꋼ

F =c =all"is s
Define Binormal B =Tx

Get: de =k
k =k(s)

=curvature*= - kY +TB t =t()
=forsion

di
= - IN-

dS

I
Frenet-

Ilu Isitions IMatririnvalidonandI
e

F- 1847 e
5 - 1851 I anti-symetric
-

em:


